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Abstract. Closed-form expressions for traces of thih-order reduced density operatogs,
RDOs, and symmetry-adaptegdRDOs calculated in awv-electron and spin-adapted subspace
of a K-orbital Fock space are derived. The asymptotic form of the expression for traces of the
g-RDOs, corresponding t& > N and K > N > ¢ limits, is discussed in detail. Several
identities fulfilled by some quantities related to the traces are derived.

1. Introduction

The gth-order reduced density operatogisRDOS) [1] (also referred to as the excitation
operators [2], the replacement operators [3] and, in the cage-ofl, the unitary group
generators [4]) and their traces belong to the most helpful tools in designing algorithms
for the evaluation of matrix elements and averages in many areas of-tlectron system
theory, such as for instance: in the statistical theory of electronic spectra [5], in the theory
of spin-adapted reduced Hamiltonians [6], in some computational approaches [7], in the
statistical theory of nuclear spectra [8] and in computational methods of quantum chemistry
[2]. Discussion of some properties of these operators and of their traces calculated in the
N-electron and spin-adapted (i.e. spanned by eigenfunctions of the total spin op&fators
and@ corresponding to a fixed pair of their eigenvalu€sand M respectively) subspaces
HA(K, N, S) of a K-orbital Fock space may be found in [5], [9-16]. In particular two
relations in which traces @f-RDOs and traces of symmetry-adapte®RDOs are expressed

as linear combinations of traces of the occupation number operators have been reported in
[13] and [14], respectively. The coefficients of these combinations have been determined
through rather complicated recurrence relations. In this paper we present a surprisingly
simple, closed-form formula for the coefficients. As a consequence, several properties of
the traces, in particular in their asymptotic limit & > N and K > N > ¢ are also
derived.

2. Traces ofg-RDOs
The trace of 7-RDO in H4(K, N, S) may be expressed as [£3]
TrEpsis ) = &(P) ZO ¢ (PYW,—_a1 (k) @)
k=
§ In table 1 of [13]e(P) is included in the definition otZ (P).
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whereP € S, is a permutation belonging to tlgg-element symmetric grouf,, e(P) = £1
is its parity,

S if s IS even
(s—1 if s is odd

=

@)

NI NI

s is the number of indices affected 15y, ¢{ (P) is a K- and N-independent integer and
Wy(k) = (nina...ng)s N—2t.k—k (3
denotes a trace of a product of the orbital occupation number operators

12..
ni-np-...-Ng Equz..Z 4)

in HA(K —k, N — 2k, S). This trace may be expressed according to (17) of [12] or (24) of
[9] as

lq/2]
(K —k—q)! : .
W, (k)= AN -2k q)—"D(S,N—2k—2j, K —k — 5
4 (k) ; ( D g k= i 2 j ) (5)
where
. g (N — 2))!
AWND = D05 hi — i ©
and
2S+1/ K+1 K+1
D(S’N’K):K+1(N/2—S><N/2+S+1> 0

is the dimension of{*(K, N, S).

In this paper we are concerned with properties fP) coefficients which, for
simplicity, are referred to ashe ¢ coefficients In [13] the ¢ coefficients have been
determined using a recurrence procedure, which may be expressed by the following equation

k—1
¢ ipy _ ek _ N g 9-2k 5 8
{(P) = xp ;ci(P)f< 5 =2 ®
where X}f"’] is the character of the irreducible representatiors pfabelled by a two-row
Young tableau withu boxes in the first row andé boxes in the second row, and

_2x+l y+1
ra=2E0 (2T, ©

Let us note that thé>-dependence of the coefficient$(P) is defined by the appropriate
irrep. characters [13]. Thereford (P) are the same for all permutations belonging to the
same class and (8) may be rewritten as

k-1
)= 0 3 Sy g (‘1 - Zi) (10)
i=0

where 7 is the partition ofg defining the appropriate class &f. Since W,_x (k) is

P-independent, according to (1),(’17571,%1‘;’4)) also depends on the class §f rather than

on a specific permutation.
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3. A closed-form expression for thec coefficients

Let us consider TFE;;3 ) with P = QR, whereQ and’R commute, i.e. they act on
different sets of indices. The trace does not depend upon the numbers (the orbital labels)
assigned to the orbitals and therefore, without any loss of generality, we may assume
that Q acts on the first indices andR acts on the remaining — s indices. Since the
product of RDOs without common labels yields an RDO for which the orbital labels are the
collection of the primitive RDOs labels preserving the relative ordering between creation
and annihilation indices, we may write that

12.4 _ 0125 q—spstLls+2,..q
TrEpz.q) = TCEGH2. 0 ERGitsia..q)- (11)

The application of the prescription given in [13] to the RDOs on the right-hand side of (11)
transforms the trace on the left-hand side as a linear combination of traces of occupation
number operators

n 173
TrEps ) =eP) D > b (ks (R Wy—zimyemp(my+m2)  (12)
m1=0m»=0
wherer; andt, are defined according to (2).
Let us assum® = Z, whereZ is the identity operator. Thes = 0 and, since: = 1,

L5
TrEp;s ) =e(P) D ¢ (QWy_om, (my). (13)
m1=0
If we replace in (13) the summation index by £ and remember that in this case= Q
then, by comparing (1) and (13), we can see that

i (P) = cp(P) (14)

i.e. the ¢ coefficients areg-independent. Consequently we shall drop the superfluous
superscript and write, (P) rather tharc] (P).

Introducing in (12) a new summation indéx= m1 + m,, we transform this equation
into a form which is identical to (1). By comparing the coefficients of the s&ifpey (k)
in both equations, we get

1
x(P) =" cn(Qci-m(R). (15)
m=0

Now, if either @ or R is composed of more than one cycle (i.e. may be expressed as a
product of two commuting permutations), then the same procedure may be repeated for
the appropriate coefficients. Proceeding in this way we finally may express an arbitrary
coefficientc, (P) as a linear combination of products of the coefficients corresponding to
single cycles. Then, iP belongs to a class of S, composed ofp cyclesny, o, ..., 7,
then

t1,12,...,fp

aP)y= Y cm(m)em,(T2) ... Cm, (1) (16)

where the prime means that the summation is extended over partitioks ioé. the
summation indices are constrained by the conditiant m, + - - - + m, = k.

As an example, let us calculate the coefficients for the case when[24], i.e. it is
composed of two cyclestr; = [2] and 7 = [4]. For all permutations:g = 1. The only
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other non-vanishing coefficients for the single cycles af&f2]) = —2, c1([4]) = —4 and
c2([4]) = 2. Now, according to (15),

co([24]) = co([2D)co([4]) = 1

c1([24]) = co([2Dca([4]) + c1([2D)co([4]) = —6

c2([24]) = co([2])c2([4]) + c2([2])co([4]) + c1([2D)ea([4]) = 10

c3([24]) = co([2De3([4]) + ca([2Dco([4]) + c1([2Dc2([4]) + c2([2Der([4]) = —4

and the remaining coefficients vanish.

Now let us consider the case af= [17""n]. In this casex[] = 1, x{; " = 1 and
K = 0 k > 1. Then, (10) yields
co([n]) =1 (17)
n n—1
alh=- " ( . ) 18

and, by induction,

culln]) = s (” ;"). (19)

The last equation, combined with (16), gives us a very simple closed-form expression for
an arbitrary coefficient, (P).

4. A generating function for c[n]

For 0< x < 1 the following identity is fulfilled

(n=8)/2 Nk
A-—x)"+x"= Y s(k)( f )xk(l—x)k (20)
k=0
where
0 if n is even
8§ = . (21)
1 if n is odd.
Letz =x(1—x). Thenx = 1 — /1 —z and (19) and (20) yield
(n=8)/2 " R
> Ck([n])Zk=<%—\/;11—Z> +(%+ %—z). (22)
k=0

Then the right-hand side of (22) is the generating function for the coefficig(ts]), i.e.
coefficients associated with one-cycle permutations.

Using (22) one may easily demonstrate several interesting and important summation
properties ofc,(P) coefficients. For example, if = ;11 then the right-hand side of (22)
is equal to 2. If the classz to which P belongs is composed gb cycles, i.e. if
m=[112% . r*]with p =)"_, ;, then from (16) and (22)

t r
c(m) 2 =2t =204 (23)
k=0 i=1
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whereqg = Y"'_; ia; andr is defined according to (2). By setting= 1 we have

(1 _ @i> n <1 n ‘@i) — 2cog60n)

2 2 2 2
-2, ifn=3i,i=123,...,
= . (24)
1, otherwise.
Therefore if the classt to which P belongs is composed op cycles, we get
27 T];_, cog60i) = (—2)¢, whered = az+ag+ag+-- =Y, ag, i.€.
!
> aP) = (=27 (25)
k=0

5. The low-density limit of g-RDO traces

The case wherK > N is of a special interest and is referred to as the low-density limit
[8,9]. The closed-form formulae and the summation properties ot tbeefficients allow

us to perform a simple derivation of the asymptotic equations for tracgsRIOs. Let us
define

123..q
TrEp 123, )

R (P) = 26
T TRy 0
and
W2k (k)
rky = —L= 2 27
SN Wq (0) ( )
Equations (1), (3), (4) and (26) yield
1
R (P) = e(P) ) cl(P)réy. (28)
k=0
If K> m, then
K K™
( ) - X (29)
m m:
From this and from (7) one gets that in the linkit>> N,
D(S,N,K) = f(fv’lN)KN. (30)
Similarly, (29) and (5) lead to
S, N — 2k)
N fGS, ) 31
In addition, if N > k, after some simple algebra we get
riy = 2741 - ¢»" (32)

whereg = 2S/N. In particular, if S/N — 0, i.e. for the low-spin systemst, — 2-%.
For the high-spin system, i.e. f6f/ N — % we havert, — 8. If the traces are calculated
in a space spanned by Slater determinants, dlso= 2-% [16].
A space ofN-electron eigenfunctions of the square and of the projection of the total
spin operator form a basis for the two-row irrepy p] of the symmetric groupSy, with
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a = 3N+ Sandb = N — S, where S is the total spin quantum number. Then,
g=(@—>b)/(a+b)=(a—b)/N and

z=x1-x)=11+g1-g = ab (33)

NN
wherex = a/N fulfils the condition 0< x < 1. From (28), (31), (32), (33) and (13) we
get

RGP =) alnl:t. (34)
k=0

Finally, (20) and (22) and the independent action of the cycles in a permufati@honging
to the classt = [1*12%2 ... r*], yield

C o

R(q)(P)Z ('P) - |: g l+<b)li| ’. 35
s =T () +(y (35)

6. A closed-form expression for traces of spin-adapteq¢-RDOs

The symmetry-adaptegith-order reduced density operators are defined as [2]

J
et = S0 S e p) appe (36)
q.

PeS,

wherePa means permutation of the orbitals in the stringf ¢ orbital labels. Their traces
in an N-electron and spin-adapted subspace &f-arbital Fock space may be expressed as
[14]

TrES) = Tr(d: elu). B0 Dk = 8@ UL (P Tr(L awk (37)

wheres(aB) =1 if 8 = Pa ands(aeB) =0 otherwise;Uj’(P)W is the vu-matrix element

of the S, irrep labelled byJ, and T/, «)ykx = Tr(J; «[A], ¢[A])yk iS A-independent [14].

The structure of the last equation is similar to that of the Wigner—Eckart theorem. The trace
of a symmetry-adapted-RDO is factorized in such a way that all information connected
with specific symmetry properties is carried by a universal coefficiefft®),, in (37),

the Clebsch—Gordan coefficient in the Wigner—Eckart theorem) while the remaining factor
contains information about the system under consideratiafy (&) y x—the reduced matrix
element).

In the calculation of T/, @)ng, if the angular momentuny is smaller than/max
allowed for a system of; particles, the freezing relation [13] can be used for removing
from the stringa a singlet-coupled pair of orbitals (i.e. a doubly-occupied orbital or two
singly-occupied orbitals coupled to a singlet). Thusgif= 2J < ¢ are the remaining
orbital labels after the freezing, amd= ¢ — ¢’, then

Tr(J,@)vg = Tr(J, & )N—20.k—n (38)
where«’ is a string of 27 orbital labels.
The trace T¢J, @' )y_2..k—n IN HA(K, S, N) may be expressed as [14]
J—8
Tr(J &N ankn =Y m| Wa_ai(i +n) (39)
i=0
wheres = 0 if the number of labels (2) is even and = 1 if 2J is odd; Wy, _o (i +n) is
defined according to (3)u; are coefficients tabulated in [14]. These coefficients have been
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determined by means of a recurrence procedure, that may be expressed by the following
equation
i—1

m] =) f(J =i, 2] =2j)m] (40)

=0
wheres(i) = (—1)', m§ = 1 and f(x, y) is defined according to (9). From (40) we get

2J

my = ( 0 ) (41)
m{=_<21_1) (42)

1

and, by induction,
m! = e(i) (ZJi_i>. (43)
As an illustration, let us calculate the trace(@E 23456

P(123456[v]
T2 B asan) = US(P)y, Tr(J = 2 a = 123456 .
An application of the freezing theorem [13] yields
Tr(J =20 =123456yx = Tr(J = 2,0 = 12345 2 k1.
Now, owing to (39), we may transform the above trace into a linear combination of traces
of the occupation number operators
Tr(J =20 = 1234 y_p k1 = mi Wa(0+ 1) + mEWa(1+ 1) + m5Wo(2 + 1).
From (43) we get the coefficients:

m%:(é):l

and finally
Tr(? B3 pana) = US(P)u(Wa(1) — 3W2(2) + Wo(3)).

7. Concluding remarks

Studies of an eigenvalue spectrum in which the individual eigenvalues are evaluated either
by diagonalizing the Hamiltonian matrix or by using one of the approximate methods to
estimate the locations of the eigenvalues, which is most useful when one is interested in a
few eigenvalues, become prohibitively inefficient when the number of levels is very large
(as in the case of a confined electron gas or in complex atomic or nuclear spectra). In
such cases some global characteristics of the spectra are needed. They may be derived
from a knowledge of the spectral density distribution moments, closely related to traces of
powers of the Hamiltonian matrix [8]. The set of eigenvalues is treated here as a statistical
ensemble and the resulting approach is often referred tetatsstical spectroscopy It

is known (see e.g. [5]) that the spectral density distribution moments may be expressed
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as linear combinations of products @fteraction factors and propagation coefficients
The interaction factors depend upon the specific form of the interactions and upon the
structure of the one-particle space. They depend neither on the number of particles nor
on the quantum numbers describing the system under consideration. The information
about the number of particles, the total spin and, if applicable, other quantum numbers,
is contained in the propagation coefficients. The propagation coefficients are expressible
in a simple way by traces of RDOs [5]. Therefore, from explicit formulae for the
traces one can deduce how the specific information about the system, contained in the
interaction factors is reshaped when the number of particles and the quantum numbers are
changed.

Explicit formulae for traces of certain kinds of RDOs and of some related operators
(in particular of products of the occupation number operators) have already been published
[9,12]. Traces of arbritrary RDOs have also been expressed as linear combinations of traces
of products of the occupation number operators [13,14]. However, in the earlier works
the coefficients in these combinations have been determined through rather complicated
recurrence relations. Equations (16), (19) and (43) of the present paper supply simple
closed-form formulae for these coefficients. The formulae are useful for several reasons.
First they supply a tool for studying the dependence of the spectra on the number of
particles, on the total spin and on other quantum numbers. For example, the results of
section 5 proved to be most useful in exploring the behaviour of spectra in the low-
density limit, i.e. in the case oK > N > 1 [17]. This analysis, applicable in a
case when the number of electrons is large and when the spectrum is discrete, may be
extended, for example, to describing the spectrum of a spatially confined electron gas.
Second, evaluation of moments given by explicit formulae may be technically easier.
Finally, last but not least, the explicit formulae are appealing because of their unexpected
simplicity.

Acknowledgments

The authors thank Brian G Wybourne for his most useful comments. Continuous support
from the Generalitat Valenciana, Proje@V-2230/94, Universitat Jaume |- Fundaci
Bancaixa, ProjecP1B9611 and from the Polish KBN, Project No 2 P0O3B 011 08 are
gratefully acknowledged.

References

[1] Hinze J and Broad J T 198The Unitary Group for the Evaluation of Electronic Matrix Elements (Lecture
Notes in Chemistry 22%d J Hinze (Berlin: Springer) p 332
[2] Kutzelnigg W 1985J. Chem. Phys82 4166
[3] Paldus J and Jeziorski B 198&eor. Chim. Act&/3 81
[4] Paldus J 197@heoretical Chemistry. Advances and Perspectis@<2 (New York: Academic) p 131
[5] Rajadell F, Planelles J and Karwowski J 1983Phys. A: Math. Ger26 3883
[6] Valdemoro C 198%Quantum Chemistry-Basics Aspects, Actual TreedsR Carld (Amsterdam: Elsevier)
p 233 and references therein
[7] Diercksen G H F andKarwowski J 1987Comput. Phys. Commu#d7 83
[8] Brody T A, Flores J, French J B, Mello P A, Pandey A and \yd S M1981Rev. Mod. Phys53 385
[9] Nomura M 1988Phys. RevA 37 2709
[10] Karwowski J, Duch W and Valdemoro C 198%ys. RevA 33 2254
[11] Duch W 1989J. Chem. Phys91 2452
[12] Karwowski J and Valdemoro C 1988hys. RevA 37 2712
[13] Planelles J, Valdemoro C and Karwowski J 199i0ys. RevA 41 2391



Traces of density operators: closed-form formulae 3227

[14] Planelles J and Karwowski J 1990 Phys. A: Math. Ger23 5083

[15] Planelles J and Karwowski J 199heor. Chim. Acts82 239

[16] Planelles J and Viciano P 199 Math. Chem16 137

[17] Planelles J, Rajadell F and Karwowski J 1987Phys. A: Math. Gerxx xxx



